We investigate the full pair-distribution function of a homogeneous suspension of spherical active Brownian particles interacting by a Weeks-Chandler-Andersen potential in two spatial dimensions. The full pair-distribution function depends on three coordinates describing the relative positions and orientations of two particles, the Péclet number specifying the activity of the particles, and their mean packing density. This five-dimensional function is obtained from Brownian dynamics simulations. We discuss its structure taking into account all of its degrees of freedom. In addition, we present an approximate analytic expression for the product of the full pair-distribution function and the interparticle force. We find that the analytic expression, which is typically needed when deriving analytic models for the collective dynamics of active Brownian particles, is in good agreement with the simulation results. The results of this work can thus be expected to be helpful for the further theoretical investigation of active Brownian particles as well as nonequilibrium statistical physics in general.
I. INTRODUCTION
In the last two decades, so-called active matter has been of increasing interest in several fields of research including physics, 1-3 chemistry, 4-6 and biology. [7] [8] [9] The notion of activity refers to the fact that, unlike traditional systems of particles, the constituents of active matter are subject to self-propulsion. Examples of active systems can be found in the form of flocks and swarms of animals, 10,11 swimming microorganisms, [12] [13] [14] [15] active cytoskeletal filaments, [16] [17] [18] [19] [20] [21] and suspensions of artificial particles propelled by a variety of mechanisms. [22] [23] [24] [25] [26] The active motion gives rise to a number of intriguing manyparticle phenomena that are enabled by the intrinsically nonequilibrium nature of active systems. Detailed reviews on these topics can be found in Refs. [27] [28] [29] [30] [31] [32] [33] . One particularly noteworthy phenomenon is motility-induced phase separation, where a suspension of active particles spontaneously separates into a dense "cluster" phase and a dilute "gas" phase despite equal and purely repulsive interactions between the particles. [34] [35] [36] [37] When studying many-particle systems, the pairdistribution function is of great importance, since it is fundamentally related to the macroscopic properties of the system and, e.g., often needed when deriving field theories for such systems. 38 For systems of passive (i.e., nonmotile) particles, the pair-distribution function has already been studied in detail by experiments [39] [40] [41] [42] [43] and computer simulations. 42, 44 Furthermore, analytic approaches like integral equation theory exist that allows for the calculation of approximate expressions for the pair-distribution function. 38, [45] [46] [47] In the case of active systems, however, our understanding of the pairdistribution function is much less developed, since the pair-distribution function is then much more complicated than for passive particles which typically lack orientational degrees of freedom. Thus, most results from ex-periments, simulations, and theory address only approximate, reduced versions of this function 35, [48] [49] [50] [51] instead of the "full" pair-distribution function including both the spatial arrangement of the particles and their orientations. Examples of previous investigations of the pairdistribution function, where the same model of active Brownian particles as used in our present article is employed and numerical results for a reduced form of the pair-distribution function are presented, can be found in Refs. 35, 48, and 51 . Similar results also exist for different models such as binary mixtures of particles with different propulsion mechanisms or mixtures of active and passive particles. 50, 52 Particularly noteworthy is Ref. 49 , where a theory for systems of active hard disks was developed and then compared to simulations of nearly hard spherical particles that are used also in the present article. While some results for the full pair-distribution function are shown, fitted analytic expressions are given only for a reduced form of the pair-distribution function and for a limited subset of the system parameters. Nevertheless, theoretical treatments of systems of active particles require knowledge of the full pair-distribution function. This applies especially to the derivation of field theories for active matter, where usually a product of the pair-distribution function and the interparticle force occurs. 35, [52] [53] [54] [55] [56] The relatively low number of field theories for active matter and the strong approximations involved in the theories developed in Refs. 35, [52] [53] [54] [55] can be attributed to an insufficient knowledge about the pair-distribution function for the active-particle systems.
In this article, we therefore provide further insights into the largely unknown structure of pair-distribution functions for active-matter systems. For this purpose, a homogeneous system of spherical active Brownian particles (ABPs) 28, 33, 37, [57] [58] [59] that move in a plane and interact via the Weeks-Chandler-Andersen potential is addressed. This is an important standard system considered in many previous studies. 24, [34] [35] [36] 60 Based on Brownian dynamics simulations, we simulate the time evolution of the system and calculate the full pair-distribution function for homogeneous stationary states. This function depends on three coordinates, a radial distance and two angles, as well as the Péclet number Pe specifying the activity of the particles, and their mean packing density Φ 0 . We present and discuss the structure of this five-dimensional pair-distribution function. The results reveal a complex structure with a strong dependence on all arguments, showing that the full function needs to be carefully taken into account in theoretical modeling. In addition, we give an analytic approximation for the product of the pairdistribution function and the interparticle force, which is frequently needed in theoretical modeling.
This article is organized as follows: In Sec. II, we give an overview of our simulations and the calculation of the pair-distribution function. The results of our simulations and the analytic approximation are presented in Sec. III. Finally, we state our conclusions in Sec. IV.
II. METHODS
We describe the motion of N active Brownian spheres using the overdamped Langevin equations [34] [35] [36] 
with the position r i (t) and orientation ϕ i (t) of particle i at time t, translational diffusion coefficient D T , Boltzmann constant k B , absolute temperature T , active force magnitude F A , orientational unit vectorû(ϕ) = (cos(ϕ), sin(ϕ)) T , pair-interaction potential U 2 (r), and zero-mean Gaussian white noise terms ξ T,i (t) and ξ R,i (t). The latter terms are normalized such that
where ⊗ denotes the dyadic product, 1 is the identity matrix, and D R is the rotational diffusion coefficient, which, for spherical particles, can be related to the translational diffusion coefficient D T via the Stokes-Einstein-Debye relation D R = 3D T /σ 2 , where σ is the particle diameter. A measure of the directional active motion compared to the random Brownian motion is given by the dimensionless Péclet number Pe = σF A /(k B T ). In our simulations, we studied systems with varying Pe and packing density Φ 0 = ρπσ 2 /4, where ρ is the particle number density in the system. To ensure an equal effective particle radius across all simulations, Pe was controlled by a change in T instead of F A . 36 Since the temperature diverges when approaching small Pe, our analysis covers the range Pe ∈ [10, 250]. The packing density has both an upper bound at π/(2 √ 3) ≈ 0.91 due to reaching a dense circle packing with little to no room for motility as well as a lower bound due to the number of particles approaching zero. Therefore, we used the range Φ 0 ∈ [0.01, 0.9] for the packing density. The interaction potential is described by the Weeks-Chandler-Andersen potential
with the scaling factor ε.
FIG. 1. Local coordinate system for the parameterization of the pair-distribution function g(r, φ1, φ2). The vector r = r2 − r1 with length r = r points from particle 1 to particle 2 and the unit vectorsû1 =û(ϕ1) andû2 =û(ϕ2) denote the orientations of the particles.
The full pair-distribution function g(r 1 , ϕ 1 , r 2 , ϕ 2 , t) depends on seven coordinates including time. If the system is in a stationary state, the time dependence of the pair-distribution function can be neglected. In the case of a homogeneous system, its translational symmetry can be used to reduce the dependence of g on r 1 and r 2 to one on r 2 − r 1 . Similarly, the isotropy of the homogeneous system can be used to replace the dependence on ϕ 1 and ϕ 2 by one on ϕ 2 − ϕ 1 , thus reducing the number of coordinates of g to three. Through the introduction of the local coordinate system shown in Fig. 1 , where the vector u 1 =û(ϕ 1 ) that denotes the orientation of a particle 1 is parallel to the first axis x 1 of the particle-fixed coordinate system, the pair-distribution function can be reparameterized as g(r, φ 1 , φ 2 ). The arguments in this reparameterization are the center-to-center distance r = r 2 − r 1 between particles 1 and 2, the angle φ 1 = ϕ r − ϕ 1 between the vectorsû 1 and r = r 2 − r 1 , where the angle ϕ r is defined by the equationû(ϕ r ) = r/ r , and the angle φ 2 = ϕ 2 − ϕ 1 between the orientationsû 1 and u 2 =û(ϕ 2 ) of particles 1 and 2. With respect to φ 1 and φ 2 , g(r, φ 1 , φ 2 ) is periodic with period 2π. The reparameterized pair-distribution function furthermore has the symmetry
as can be seen from Fig. 1 . This symmetry allows us to mirror our numerical data about φ 1 = 0 and φ 2 = 0 to reduce numerical noise. Of particular relevance for the development of field theories that describe the collective dynamics of systems of ABPs is the function −g(r, φ 1 , φ 2 )U 2 (r), where −U 2 (r) = −dU 2 (r)/dr is the interparticle force. 35, 52, 56, 61 In general, the pairdistribution function g(r, φ 1 , φ 2 ) has a complex structure that is difficult to express analytically. It is thus advantageous to search for an approximation of the product function −g(r, φ 1 , φ 2 )U 2 (r) instead, where a much smaller range of values for r has to be considered: While the interparticle force −U 2 (r) is zero for r ≥ r max = 2 1/6 σ, the pair-distribution function g(r, φ 1 , φ 2 ) is zero for small r due to the strong repulsion of particles at short distances. In our simulations, the smallest value of r where g is nonzero was r min ≈ 0.78σ. Thus, only a small support remains where the product function is nonzero, greatly simplifying its description.
To objectively judge the onset of clustering, the characteristic length scale L C was calculated, defined as 36
where is the edge length of the quadratic simulation domain, k cut is the upper cutoff for the modulus k = k of the wave vector k, and S(k) is the structure factor. The cutoff was set to k cut = π, which approximately coincides with the first minimum of S(k). Only the vectors k conforming to the periodicity of the simulation domain have to be considered, which simplifies the integral over k to a discrete sum. An in-depth analysis of the structure factor for active hard disks in two spatial dimensions can be found in Ref. 62 . Throughout the article we use Lennard-Jones units, where ε, σ, and the Lennard-Jones time τ LJ are chosen as units of energy, length, and time, respectively. Furthermore, we set the active force to F A = 24ε/σ and the particle mobility to D T /(k B T ) = σ 2 /(τ LJ ε). The numerical results were obtained using a modified version of the molecular dynamics simulation package LAMMPS. 63 A system size of = 256σ and simulation times of 2500τ LJ with a time step ∆t = 5 · 10 −5 τ LJ were used. The pairdistribution function was recorded with a resolution of 180 data points for the angles φ 1 and φ 2 each and 2000 data points for r ∈ [0, 10σ].
III. RESULTS AND DISCUSSION
Since the parameterization g(r, φ 1 , φ 2 ) of the pairdistribution function requires the system to be in a homogeneous state, we first consider the system's state diagram. For this purpose, we performed simulations for a grid of parameter combinations with spacings ∆Φ 0 = 0.02 and ∆Pe = 10. During the simulations, the characteristic length L C defined by Eq. (7) was calculated and averaged over time, neglecting early times where the steady state of the system had not yet been reached. The resulting state diagram is presented in Fig. 2 . It is clearly in line with the state diagram shown in Ref. 52 , where the resolution was lower and the different states were distinguished by visual inspection. In our state diagram, one can see a very sharp transition from a homogeneous region to a cluster region at Φ 0 = 0.32 for Pe ≥ 170. For lower Péclet numbers, the change in characteristic length is much more gradual, which is a consequence of the fluctuations around the critical point that lies approximately at Pe = 40 and Φ 0 = 0.60. 64 To avoid a considerable influence of these fluctuations as well as the occurrence of inhomogeneous steady states, we excluded the parameter combinations with Pe > 30 and Φ 0 > 0.3 from our analysis of the pair-distribution function that we describe in the following.
A. Pair-distribution function
In Fig. 3 , the pair-distribution function g(r, φ 1 , φ 2 ) is shown for a few values of r. The general structure and especially the extrema in correlation can be understood from the relative distances and orientations of two parti- cles. A maximum in correlation is to be expected where two particles remain for longer times than average, while minima correspond to configurations that are either hard to reach or particularly short-lived. For example, at r ≈ σ a maximum exists for φ 1 = 0 and φ 2 = π, which corresponds to the configuration of two particles with opposite orientations that inhibit each other's motion and thus remain relatively long in this configuration. In contrast, the configuration with φ 1 = φ 2 = π, where the secondary particle is behind the primary particle with an opposite orientation, represents a minimum in g, since the secondary particle would have to move through the primary particle to achieve such a configuration. For larger distances, the singular maximum turns first into a ring-like structure and later into two bands of increased correlation that move outwards from φ 1 = 0. At distances equal to multiples of σ, this pattern repeats, albeit with a lower intensity. This periodicity is a result of shelllike arrangements of particles also observed in the radial distribution function of passive particles. The minimum at φ 1 = φ 2 = π lies at the center of a spot of minimal correlation that becomes squeezed when r increases. Compared to the maximum at φ 1 = 0 and φ 2 = π, the minimum fades slower when r increases as can be seen for r = 3σ in Fig. 3 .
B. Analytic approximation for the function −gU 2
The product function f (r, φ 1 , φ 2 ) = −g(r, φ 1 , φ 2 )U 2 (r) depends on the coordinates r, φ 1 , and φ 2 as well as the Péclet number Pe and the packing density Φ 0 . To represent this five-dimensional function by an approximate analytic expression, we first perform an expansion into a Fourier series with respect to the angles φ 1 and φ 2 . This Fourier series is truncated at second order, since we found this order to be sufficient to approximate the structure of the pair-distribution function g(r, φ 1 , φ 2 ) (see Fig. 3 ) with reasonable accuracy. Our approximation of f (r, φ 1 , φ 2 ) is therefore given by with the Fourier coefficients
and the vector elements u i (ϕ) = (û(ϕ)) i . As a consequence of the symmetry property (6) of g(r, φ 1 , φ 2 ), some of the Fourier coefficients vanish:
We therefore simplify our notation by introducing the short form f I (r) ≡ f ii kl (r) with a multiindex I = (i, k, l). The five-dimensional function f (r, φ 1 , φ 2 ) is thus represented by 13 Fourier coefficients f I (r) that depend on r, Pe, and Φ 0 .
We observed that the Fourier coefficients f I (r) can be fitted reasonably well with the help of the exponentially modified Gaussian distribution
where µ is the mean of the distribution, ς is its standard deviation, λ describes a skew in the distribution, and erfc(x) denotes the complementary error function.
Since the function f (r, φ 1 , φ 2 ) must be equal to zero for r ≥ r max and we did not observe more than two zerocrossings for r < r max in the numerical data, one can use the following set of functions to fit all Fourier coefficients f I (r):
These fit functions include a scaling factor f 0,I , parameters µ I , ς I , and λ I , the Heaviside step function Θ(x), and a total of M I additional roots r m,I with
The number of zero-crossings of some coefficients f I (r) varies with Pe and Φ 0 . In such cases, the fit function was chosen according to the maximum number of zerocrossings observed over all Pe and Φ 0 . When the numerical data do not support this number of zeros, some fit parameters r m,I move to values either much smaller than r min or larger than r max . Example fits of the Fourier coefficients are shown in Fig. 4 . An interesting observation that can be made is the strong structural similarity of the coefficients f 11 kl (r) and f 22 kl (r). The two approximation steps performed so far have reduced the five-dimensional function f (r, φ 1 , φ 2 ) to an analytic expression including the functions f 0,I , µ I , ς I , λ I , and r m,I that depend on Pe and Φ 0 . When determining f 0,I , µ I , ς I , λ I , and r m,I as fit parameters in Eq. (12) for various values of Pe and Φ 0 , it is important to make sure that they vary continuously with Pe and Φ 0 . Then, each of the functions f 0,I , µ I , ς I , λ I , and r m,I of Pe and Φ 0 can be well approximated by one of the expressions
with the fit coefficients q i,j , v, and w. In particular, we used h 2 (Pe, Φ 0 ), which contains 15 coefficients, h 3 (Pe, Φ 0 ) with 20 coefficients, as well as h 2,0 (Pe, Φ 0 ) and h 2,1 (Pe, Φ 0 ) with 17 coefficients each. The results of this last fitting procedure are shown in the Appendix.
To determine the quality of our analytic approximation f app (r, φ 1 , φ 2 ; Pe, Φ 0 ) of the product function f (r, φ 1 , φ 2 ; Pe, Φ 0 ) = −g(r, φ 1 , φ 2 ; Pe, Φ 0 )U 2 (r) determined by the simulations, we calculated the mean absolute error of f app compared to f :
. .
A measure for the relative error of the analytic representation of f is then given by the ratio MAE(Pe, Φ 0 )/ f (Pe, Φ 0 ). The results for MAE(Pe, Φ 0 ), f (Pe, Φ 0 ), and MAE(Pe, Φ 0 )/ f (Pe, Φ 0 ) are shown in Fig. 5 . One can see that the relative error increases for low packing densities and either high or very low Pe, but never goes above 0.54. The largest relative error occurs for Pe = 10 and Φ 0 = 0.04. We found that the magnitude of the relative error is largely caused by the Fourier approximation (8). Considering only the Fourier approximation, the relative error increases with Pe and reaches a maximum of 0.47 at Pe = 250 and Φ 0 = 0.04. The increase with Pe explains the similar behavior of the total relative error and results from the structure of the pairdistribution function becoming sharper when Pe grows. This sharpening originates from the weakening of thermal fluctuations for growing Pe and enlarges the contribution of higher-order Fourier modes, which are neglected in the approximation (8). The increase of the relative error towards the origin at Pe = Φ 0 = 0 can also be found in the Fourier approximation and is amplified by the additional approximations. In particular, the skew λ I in the fit functions (12) for the Fourier coefficients becomes relatively small near the origin and starts to act predominantly as a second scaling parameter, which causes a conflict with the proper scaling parameter f 0,I . Moreover, the last fitting procedure introduces terms with divergences at Pe = 0 that amplify numerical errors for low Péclet numbers. Furthermore, for very high and very low densities we observed an increasing statistical noise in some Fourier coefficients, which had a detrimental effect on the fitting procedures.
IV. CONCLUSIONS
Based on Brownian dynamics simulations, we have studied the pair-distribution function of homogeneous suspensions of spherical ABPs in two spatial dimensions that interact through a WCA potential. We considered the full pair-distribution function with its dependence on a radial coordinate, two angular coordinates, the activity of the particles, and their overall packing density. An exploration of the properties of the pair-distribution function revealed that its structure can be explained by basic geometric and kinetic considerations. Furthermore, the general structure was found to be similar to that for hardsphere ABPs reported in Ref. 49 . We used the observed properties of the pair-distribution function to construct an approximate analytic expression for the product of the pair-distribution function and the interparticle force. This expression was found to be in good agreement with the simulation results.
The results for the pair-distribution function are helpful for the further theoretical investigation of systems of ABPs as well as nonequilibrium statistical physics in general. We anticipate that the approximate analytic expression will lead to new advanced field theories for systems of active matter that go beyond those proposed in Refs. 35, 52, 53, 65, and 66. A first step in this direction has already been taken recently. 56 Moreover, the analytic expression can be used as a reference case when developing analytic methods for predicting the pair-distribution function in active and other far-from-equilibrium systems. In the future, the procedure and methods used in this work can also serve as a template for investigations of other active systems, such as systems with different particle interactions, three spatial dimensions, other particle shapes, and mixtures between different types of particles.
SUPPLEMENTARY MATERIAL
See Supplementary Material for a spreadsheet file containing the data for the characteristic length shown in Fig. 2, two movies showing the time evolution of a system of ABPs corresponding to a Péclet number and packing density where the system remains homogeneous or forms clusters, respectively, a further movie corresponding to Fig. 3a that shows the pair-distribution function as a function of its angular arguments and its evolution when the radial argument increases over time, a spreadsheet file containing the tables from the Appendix with the values of all fit parameters that are involved in the approximate analytic representation of the product function, as well as a Python script that imports the values of the fit parameters and provides a function for the analytic approximation of the product function. In the following tables, the values of all fit parameters that are involved in the approximate analytic representation of the function −g(r, φ 1 , φ 2 )U 2 (r) are given. The appropriate fit functions for the Fourier coefficients f 11 kl and f 22 kl follow from the corresponding parameter sets. For an easier use of the data, they are also available as a supplementary spreadsheet file. In addition, the Supplementary Material for this article contains a Python script that imports the parameter values from the spreadsheet file and provides a function for the analytic approximation of −g(r, φ 1 , φ 2 )U 2 (r).
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1.390 −1.370 1.264 −2.252 · 10 −2 6.813 · 10 −4 −2.623 2.207 −5.610 · 10 −1 5.258 · 10 −2 −1.710 · 10 −3 −1.429 · 10 −1 −2.820 · 10 −1 1.256 · 10 −1 −3.004 · 10 −2 1.735 · 10 −3 ς h2 −8.053 · 10 −3 1.404 · 10 −2 4.011 · 10 −2 −2.327 · 10 −3 3.380 · 10 −5 7.970 · 10 −2 3.213 · 10 −3 1.666 · 10 −3 −4.446 · 10 −4 6.597 · 10 −5 −5.394 · 10 −1 4.124 · 10 −1 −1.209 · 10 −1 1.210 · 10 −2 −3.351 · 10 −4 λ h2,0 −1.228 · 10 3 8.470 · 10 2 −1.994 · 10 2 2.383 · 10 1 −7.986 · 10 −1 3.551 · 10 3 −2.227 · 10 3 5.049 · 10 2 −4.983 · 10 1 1.891 −3.867 · 10 3 2.612 · 10 3 −6.786 · 10 2 8.736 · 10 1 −4.084 3.253 · 10 −7 2.033 · 10 1 r1 h3
1.187 −9.285 · 10 −1 9.999 · 10 −1 3.763 · 10 −3 −2.319 · 10 −4 −2.820 · 10 1 1.856 · 10 1 −4.263 4.173 · 10 −1 −1.482 · 10 −2 8.351 · 10 1 −5.845 · 10 1 1.462 · 10 1 −1.588 6.166 · 10 −2 −1.183 · 10 2 9.199 · 10 1 −2.595 · 10 1 3.163 −1.390 · 10 −1 r2 h3 −9.328 · 10 −2 −2.678 · 10 −2 1.037 9.548 · 10 −4 −6.395 · 10 −5 4.177 −3.739 8.652 · 10 −1 −8.863 · 10 −2 2.853 · 10 −3 −2.336 · 10 1 1.746 · 10 1 −4.658 4.671 · 10 −1 −1.513 · 10 −2 2.890 · 10 1 −2.176 · 10 1 5.886 −6.174 · 10 −1 2.042 · 10 −2 TABLE II. Analogous to Tab. I, but now for f 11 10 , f 11 11 , and f 11 12 .
q−2,0 q−1,0 q0,0 q1,0 q2,0 q−2,1 q−1,1 q0,1 q1,1 q2,1 q−2,2 q−1,2 q0,2 q1,2 q2,2 q−2,3 or v q−1,3 or w q0,3 q1,3 q2,3 f 11 20 f0 h3 3.262 · 10 4 −1.514 · 10 4 1.535 · 10 3 −2.931 · 10 1 6.543 · 10 1 −9.851 · 10 5 6.975 · 10 5 −1.719 · 10 5 1.717 · 10 4 −7.445 · 10 2 3.652 · 10 6 −2.717 · 10 6 7.044 · 10 5 −7.338 · 10 4 2.652 · 10 3 −3.786 · 10 6 2.906 · 10 6 −7.814 · 10 5 8.528 · 10 4 −3.128 · 10 3 µ h2 3.916 · 10 −1 −5.494 · 10 −1 1.070 −2.369 · 10 −3 1.913 · 10 −5 1.434 −1.359 3.691 · 10 −1 −3.954 · 10 −2 1.283 · 10 −3 −6.296 5.491 −1.532 1.524 · 10 −1 −4.754 · 10 −3 ς h2 −6.051 · 10 −2 6.333 · 10 −2 2.254 · 10 −2 −8.503 · 10 −4 6.868 · 10 −6 3.272 · 10 −1 −2.414 · 10 −1 8.596 · 10 −2 −1.110 · 10 −2 4.453 · 10 −4 −2.731 1.923 −5.165 · 10 −1 5.701 · 10 −2 −1.967 · 10 −3 λ h2,0 7.071 · 10 1 9.245 · 10 1 1.621 · 10 4 9.781 −2.805 · 10 −1 −8.229 · 10 2 −2.028 · 10 2 −4.783 · 10 3 −3.426 · 10 1 1.321 −2.758 · 10 3 3.198 · 10 3 −3.568 · 10 2 1.344 · 10 2 −4.789 −1.627 · 10 4 −3.091 · 10 −1 r1 h3
1.646 −1.436 1.215 −1.231 · 10 −2 2.812 · 10 −4 −1.002 −8.863 · 10 −1 3.140 · 10 −1 −2.946 · 10 −2 7.815 · 10 −4 −1.755 · 10 1 1.684 · 10 1 −4.548 3.860 · 10 −1 −1.063 · 10 −2 3.746 · 10 1 −3.044 · 10 1 8.080 −7.767 · 10 −1 2.333 · 10 −2 r2 h3 9.059 · 10 −1 −1.829 · 10 −1 1.089 6.387 · 10 −3 −3.854 · 10 −4 2.458 · 10 −1 −3.356 2.174 −2.950 · 10 −1 1.108 · 10 −2 −4.929 · 10 1 4.286 · 10 1 −1.490 · 10 1 1.679 −5.832 · 10 −2 8.621 · 10 1 −6.924 · 10 1 2.070 · 10 1 −2.267 7.687 · 10 −2 f 11 21 f0 h3 5.557 · 10 4 −7.079 · 10 4 1.715 · 10 4 −1.715 · 10 3 −1.776 · 10 1 −2.156 · 10 5 2.825 · 10 5 −4.954 · 10 4 1.933 · 10 3 1.669 · 10 2 1.368 · 10 6 −1.245 · 10 6 2.867 · 10 5 −2.528 · 10 4 7.764 · 10 2 −4.187 · 10 6 3.394 · 10 6 −9.074 · 10 5 9.857 · 10 4 −3.665 · 10 3 µ h2 1.882 · 10 −1 −5.259 · 10 −1 1.071 −3.171 · 10 −3 5.404 · 10 −5 7.733 · 10 −1 −2.626 · 10 −1 7.348 · 10 −2 −1.274 · 10 −2 5.236 · 10 −4 −6.660 4.802 −1.270 1.270 · 10 −1 −4.146 · 10 −3 ς h2
1.060 · 10 −1 −5.702 · 10 −2 4.575 · 10 −2 −2.804 · 10 −3 6.314 · 10 −5 −6.956 · 10 −1 3.783 · 10 −1 −4.457 · 10 −2 2.390 · 10 −4 1.079 · 10 −4 −1.410 1.272 −3.958 · 10 −1 4.609 · 10 −2 −1.596 · 10 −3 λ h2,0 −1.055 · 10 1 5.062 · 10 1 −3.404 · 10 1 6.395 −1.120 · 10 −1 −6.162 · 10 2 3.137 · 10 2 −1.303 · 10 1 −6.257 2.865 · 10 −1 −2.943 · 10 3 2.366 · 10 3 −6.650 · 10 2 8.050 · 10 1 −2.547 2.233 · 10 −5 1.410 · 10 1 r1 h3
1.038 −5.679 · 10 −1 1.068 −1.243 · 10 −3 −2.006 · 10 −5 2.342 · 10 −1 −1.817 8.069 · 10 −1 −9.209 · 10 −2 3.094 · 10 −3 −2.032 · 10 1 1.695 · 10 1 −5.364 5.308 · 10 −1 −1.653 · 10 −2 2.109 · 10 1 −1.655 · 10 1 4.900 −4.785 · 10 −1 1.384 · 10 −2 r2 h3 7.914 · 10 −1 −4.777 · 10 −1 1.240 −1.206 · 10 −2 2.997 · 10 −4 −1.221 · 10 1 7.468 −1.483 1.256 · 10 −1 −3.795 · 10 −3 3.867 · 10 1 −2.554 · 10 1 6.103 −6.520 · 10 −1 2.428 · 10 −2 −6.761 · 10 1 5.032 · 10 1 −1.388 · 10 1 1.574 −6.056 · 10 −2 f 11 22 f0 h3 3.181 · 10 3 −2.943 · 10 3 1.034 · 10 3 −1.738 · 10 2 3.794 −4.607 · 10 1 3.692 · 10 3 −2.022 · 10 3 3.100 · 10 2 −8.373 −7.021 · 10 3 −3.370 · 10 3 3.125 · 10 3 −4.570 · 10 2 1.735 · 10 1 −6.421 · 10 2 6.042 · 10 3 −2.792 · 10 3 2.879 · 10 2 −7.221 µ h2 7.632 · 10 −1 −8.366 · 10 −1 1.128 −7.494 · 10 −3 1.431 · 10 −4 −1.768 1.144 −2.050 · 10 −1 8.687 · 10 −3 2.973 · 10 −6 −2.322 2.034 −6.374 · 10 −1 6.786 · 10 −2 −2.387 · 10 −3 ς h2
3.643 · 10 −2 −3.122 · 10 −3 3.526 · 10 −2 −1.849 · 10 −3 2.906 · 10 −5 −2.354 · 10 −1 8.167 · 10 −2 7.198 · 10 −3 −3.667 · 10 −3 2.186 · 10 −4 −1.207 1.091 −3.367 · 10 −1 3.876 · 10 −2 −1.290 · 10 −3 λ h2,0 4.978 · 10 2 −2.921 · 10 2 1.700 · 10 4 1.886 −1.017 · 10 −1 −2.462 · 10 3 1.585 · 10 3 −6.078 · 10 3 1.469 · 10 1 −6.208 · 10 −2 −9.783 · 10 1 3.717 · 10 2 6.634 · 10 2 4.290 · 10 1 −1.855 −1.696 · 10 4 −3.431 · 10 −1 r1 h3 −4.263 · 10 −1 2.202 · 10 −1 9.980 · 10 −1 1.907 · 10 −3 −5.164 · 10 −5 1.817 −1.112 2.470 · 10 −1 −2.305 · 10 −2 6.989 · 10 −4 −8.017 4.376 −1.034 9.458 · 10 −2 −3.066 · 10 −3 8.023 −4.755 1.059 −1.122 · 10 −1 4.125 · 10 −3 q−2,0 q−1,0 q0,0 q1,0 q2,0 q−2,1 q−1,1 q0,1 q1,1 q2,1 q−2,2 q−1,2 q0,2 q1,2 q2,2 q−2,3 or v q−1,3 or w q0,3 q1,3 q2,3 f 22 11 f0 h3 −3.196 · 10 4 2.868 · 10 4 −5.314 · 10 3 4.779 · 10 2 −1.077 · 10 1 1.027 · 10 5 −9.872 · 10 4 2.203 · 10 4 −1.613 · 10 3 2.998 · 10 1 −9.436 · 10 4 9.754 · 10 4 −2.223 · 10 4 6.200 · 10 2 4.210 · 10 1 −1.409 · 10 5 1.079 · 10 5 −3.457 · 10 4 5.841 · 10 3 −2.912 · 10 2 µ h2 3.534 · 10 −1 −5.574 · 10 −1 1.072 −3.666 · 10 −3 7.260 · 10 −5 −1.773 · 10 −1 2.565 · 10 −1 −6.534 · 10 −2 2.536 · 10 −3 −4.109 · 10 −5 −1.884 1.251 −3.110 · 10 −1 2.203 · 10 −2 −4.862 · 10 −4 ς h2 −4.619 · 10 −2 5.229 · 10 −2 2.474 · 10 −2 −1.276 · 10 −3 2.427 · 10 −5 1.326 · 10 −1 −1.182 · 10 −1 3.585 · 10 −2 −4.237 · 10 −3 1.699 · 10 −4 −1.195 9.595 · 10 −1 −2.689 · 10 −1 2.794 · 10 −2 −7.915 · 10 −4 λ h2,0 −1.030 · 10 2 1.461 · 10 2 −6.233 · 10 1 9.356 −2.241 · 10 −1 2.393 · 10 2 −2.989 · 10 2 1.146 · 10 2 −1.355 · 10 1 3.712 · 10 −1 4.241 · 10 2 −4.257 · 10 2 1.623 · 10 2 −2.811 · 10 1 2.009 3.352 · 10 −2 6.497 r1 h3 2.555 · 10 −1 −1.456 · 10 −1 1.182 −1.057 · 10 −2 2.431 · 10 −4 1.614 · 10 −1 −4.457 · 10 −1 −1.808 · 10 −2 7.986 · 10 −3 −1.921 · 10 −5 −7.272 5.457 −7.552 · 10 −1 3.301 · 10 −2 −1.667 · 10 −3 6.677 −4.969 6.517 · 10 −1 −6.629 · 10 −2 4.739 · 10 −3 f 22 12 f0 h3 −4.364 · 10 4 9.766 · 10 3 5.877 · 10 3 −1.853 · 10 3 −1.252 · 10 1 4.023 · 10 6 −3.048 · 10 6 8.156 · 10 5 −9.070 · 10 4 3.420 · 10 3 −1.991 · 10 7 1.563 · 10 7 −4.337 · 10 6 4.974 · 10 5 −1.902 · 10 4 3.745 · 10 7 −3.017 · 10 7 8.634 · 10 6 −1.029 · 10 6 4.198 · 10 4 µ h2
1.187 −9.285 · 10 −1 9.999 · 10 −1 3.763 · 10 −3 −2.319 · 10 −4 −2.820 · 10 1 1.856 · 10 1 −4.263 4.173 · 10 −1 −1.482 · 10 −2 8.351 · 10 1 −5.845 · 10 1 1.462 · 10 1 −1.588 6.166 · 10 −2 −1.183 · 10 2 9.199 · 10 1 −2.595 · 10 1 3.163 −1.390 · 10 −1 r2 h3 −9.328 · 10 −2 −2.678 · 10 −2 1.037 9.548 · 10 −4 −6.395 · 10 −5 4.177 −3.739 8.652 · 10 −1 −8.863 · 10 −2 2.853 · 10 −3 −2.336 · 10 1 1.746 · 10 1 −4.658 4.671 · 10 −1 −1.513 · 10 −2 2.890 · 10 1 −2.176 · 10 1 5.886 −6.174 · 10 −1 2.042 · 10 −2 TABLE IV. Analogous to Tab. I, but now for f 22 11 and f 22 12 .
q−2,0 q−1,0 q0,0 q1,0 q2,0 q−2,1 q−1,1 q0,1 q1,1 q2,1 q−2,2 q−1,2 q0,2 q1,2 q2,2 q−2,3 or v q−1,3 or w q0,3 q1,3 q2,3 f 22 21 f0 h3 5.557 · 10 4 −7.079 · 10 4 1.715 · 10 4 −1.715 · 10 3 −1.776 · 10 1 −2.156 · 10 5 2.825 · 10 5 −4.954 · 10 4 1.933 · 10 3 1.669 · 10 2 1.368 · 10 6 −1.245 · 10 6 2.867 · 10 5 −2.528 · 10 4 7.764 · 10 2 −4.187 · 10 6 3.394 · 10 6 −9.074 · 10 5 9.857 · 10 4 −3.665 · 10 3 µ h2 1.882 · 10 −1 −5.259 · 10 −1 1.071 −3.171 · 10 −3 5.404 · 10 −5 7.733 · 10 −1 −2.626 · 10 −1 7.348 · 10 −2 −1.274 · 10 −2 5.236 · 10 −4 −6.660 4.802 −1.270 1.270 · 10 −1 −4.146 · 10 −3 ς h2
1.038 −5.679 · 10 −1 1.068 −1.243 · 10 −3 −2.006 · 10 −5 2.342 · 10 −1 −1.817 8.069 · 10 −1 −9.209 · 10 −2 3.094 · 10 −3 −2.032 · 10 1 1.695 · 10 1 −5.364 5.308 · 10 −1 −1.653 · 10 −2 2.109 · 10 1 −1.655 · 10 1 4.900 −4.785 · 10 −1 1.384 · 10 −2 r2 h3 7.914 · 10 −1 −4.777 · 10 −1 1.240 −1.206 · 10 −2 2.997 · 10 −4 −1.221 · 10 1 7.468 −1.483 1.256 · 10 −1 −3.795 · 10 −3 3.867 · 10 1 −2.554 · 10 1 6.103 −6.520 · 10 −1 2.428 · 10 −2 −6.761 · 10 1 5.032 · 10 1 −1.388 · 10 1 1.574 −6.056 · 10 −2 f 22 22 f0 h3 3.181 · 10 3 −2.943 · 10 3 1.034 · 10 3 −1.738 · 10 2 3.794 −4.607 · 10 1 3.692 · 10 3 −2.022 · 10 3 3.100 · 10 2 −8.373 −7.021 · 10 3 −3.370 · 10 3 3.125 · 10 3 −4.570 · 10 2 1.735 · 10 1 −6.421 · 10 2 6.042 · 10 3 −2.792 · 10 3 2.879 · 10 2 −7.221 µ h2 7.632 · 10 −1 −8.366 · 10 −1 1.128 −7.494 · 10 −3 1.431 · 10 −4 −1.768 1.144 −2.050 · 10 −1 8.687 · 10 −3 2.973 · 10 −6 −2.322 2.034 −6.374 · 10 −1 6.786 · 10 −2 −2.387 · 10 −3 ς h2
3.643 · 10 −2 −3.122 · 10 −3 3.526 · 10 −2 −1.849 · 10 −3 2.906 · 10 −5 −2.354 · 10 −1 8.167 · 10 −2 7.198 · 10 −3 −3.667 · 10 −3 2.186 · 10 −4 −1.207 1.091 −3.367 · 10 −1 3.876 · 10 −2 −1.290 · 10 −3 λ h2,0 4.978 · 10 2 −2.921 · 10 2 1.700 · 10 4 1.886 −1.017 · 10 −1 −2.462 · 10 3 1.585 · 10 3 −6.078 · 10 3 1.469 · 10 1 −6.208 · 10 −2 −9.783 · 10 1 3.717 · 10 2 6.634 · 10 2 4.290 · 10 1 −1.855 −1.696 · 10 4 −3.431 · 10 −1 r1 h3 −4.263 · 10 −1 2.202 · 10 −1 9.980 · 10 −1 1.907 · 10 −3 −5.164 · 10 −5 1.817 −1.112 2.470 · 10 −1 −2.305 · 10 −2 6.989 · 10 −4 −8.017 4.376 −1.034 9.458 · 10 −2 −3.066 · 10 −3 8.023 −4.755 1.059 −1.122 · 10 −1 4.125 · 10 −3 
